NATURAL CONNECTIONS GIVEN BY GENERAL LINEAR 
AND CLASSICAL CONNECTIONS 
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Abstract. We assume a vector bundle p : E — > M with a general linear connection K 
and a classical linear connection A on M . We prove that all classical linear connections on 
the total space E naturally given by (A, K) form a 15-parameter family. Further we prove 
that all connections on J X E naturally given by (A, if) form a 14-parameter family. Both 
families of connections are described geometrically. 



Introduction 

The reduction theorems for classical (linear) connections on manifolds are very powerful 
tools to classify natural (invariant) operators (of any finite order) from the bundle of classical 
connections and some tensor bundle to another tensor bundle. By reduction theorems all such 
operators reduce to operators defined on tensor bundles only (operators of curvature tensor 
fields of classical connections in question, given tensor fields and covariant differentials of the 
curvature and given tensor fields). For the general theory of natural bundles and operators 
see |10[ ITU IT^ HI] and for the proof of reduction theorems for classical connections and their 
applications see [TUl H3] . 

The reduction idea for general linear connections on vector bundles is also possible. It is 
a gauge version of reduction theorems for the gauge group G = GL(n,M). For operators 
of order one the first reduction theorem for general linear connection is in fact the special 
case of the Utiyama's theorem, see EI] • I n |H] the reduction theorems for general linear 
connections were proved for operators of any finite orders with values in a gauge-natural 
bundle of order (1,0). In this gauge situation auxiliary classical connections on base manifolds 
have to be used. 

Sometimes we need to study natural operators which have values in a natural or a gauge- 
natural bundle of higher order. In this case we can use higher order valued reduction theo- 
rems, for the case of classical connections see [7j and for the case of general linear connections 
see (HJ- Typical operators of this type are natural tensor fields on the tangent or the cotan- 
gent bundle of a manifold with a classical connection or natural tensor fields on the total 
space of a vector bundle with a general linear connection and a classical connection on the 
base manifold. 

In this paper we use the higher order valued reduction theorems for general linear con- 
nections, jH], to clasify all classical linear connections on the total space of a vector bundle 
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p : E —y M and connections on the first jet prolongation J E naturally induced by a gen- 
eral linear connection K on E and a classical connection A on M . We shall prove that 
there is a 15-parameter family of classical linear connections D(A, K) on the total space E 
and a 14-parameter family of connections T(A, K) on J X E. We present also the geometrical 
description of both families and we show that T(A, K) can be obtained from D(A, K) by 
using the operator \ described in jU]. The result obtained for classical linear connections on 
E coincides with the classification of 2j (see also |TU|). 

All manifolds and maps are assumed to be smooth. The sheaf of (local) sections of a 
fibered manifold p : Y — > X is denoted by C°°(Y), C°°(Y, R) denotes the sheaf of (local) 
functions. 

1. Higher order valued reduction theorems for general linear connections 

In what follows let G = GL(n,M) be the group of linear automorphisms of M n with 
coordinates (dj),i,j = 1, . . . , n. Let M m be the category of m-dimensional C°°-manifolds and 
smooth embeddings. Let V!B m n be the category of vector bundles with m-dimensional bases, 
n-dimensional fibers and local fiber linear diffeomorphisms and let TS m (G) be the category 
of smooth principal G-bundles with m-dimensional bases and smooth G-bundle maps (ip, f), 
where the map / G MorM m . Then any vector bundle (p : E — > M) G 0bV3 m>n can 
be considered as a zero order G-gauge-natural bundle given by the G-gauge-natural bundle 
functor of associated bundles < J ) 'B m (G) — ► VS m>n . 

Local linear fiber coordinates on E will be denoted by (x A ) = (x x , y l ), A = 1, . . . , m + n, 
A = 1, . . . , m, % = 1, . . . , n. The induced fiber coordinates on TE or T*E will be denoted by 
(x A , y\ x x , y l ) or (x A , y\ £\, iji) and the induced local bases of sections of TE or T*E will be 
denoted by (d\,di) or (d x ,d l ), respectively. 

We define a general linear connection on E to be a linear section K : E — ► J X E . Consid- 
ering the contact morphism J X E — > T*M®TE over the identity of TM, a linear connection 
can be regarded as a T^-valued 1-form K : E — > T*M ® TE projecting onto the identity 
of TM. 

The coordinate expression of a linear connection K is of the type 

(1.1) K = d x ® (d x + K"/a ?/ j ^) , with K/ x G C°°(M, E) . 

Linear connections can be regarded as sections of a (l,l)-order G-gauge-natural bundle 
Lin£^ — > iVT, Ej. The standard fiber of the functor Lin will be denoted by R = 
]R n * (g) R™ ® M m *, elements of i? will be said to be formal linear connections, the induced 
coordinates on R will be said to be formal symbols of formal linear connections and will be 
denoted by (Kj\). 

The curvature tensor field R[K] : M ^ E* ® E ® /\ T*M given by K is a natural 
operator R[K\ : C°°(Lin E) -> C°°{E* ® E ® A 2 T*M) which is of order one. Its coordinate 
expression is 

= R[K]/xn d j ®di®d x Adv 

= -2{dxKi\ + K?xK v \) d? ®di®d x Ad" . 
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We define a classical connection on M to be a linear connection on the tangent vector 
bundle pm '■ TM — > M with the coordinate expression 

(1.2) A = d x ® (<9 A + A/ A ±" <9j , A/„ G C°°(M, R) . 

Classical connections can be regarded as sections of a 2nd order natural bundle Cla M — > 
M, [10J. The standard fiber of the functor Cla will be denoted by Q = R m * ® R m <g> M m *, 
elements of Q will be said to be formal classical connections, the induced coordinates on 
Q will be said to be formal Christoffel symbols of formal classical connections and will be 
denoted by (A^ x u ). The natural subbundle of symmetric classical connections will be denoted 
by Cla r M -> M with local fiber coordinates (x x ,A fl x u ), A/„ = A u x ^. 

The curvature tensor field of a classical connection is a natural operator 

2 

R[A] : C°°(Cla M) -> C°°(T*M ® TM ® /\ T*M) 
which is of order one. 

Let us denote by E*f s := &E <g> ® q E* <g> (g) r TM <g> (g) s T*M the tensor product over M 
and recall that E p q ' r s is a vector bundle which is a G-gauge-natural bundle of order (1,0). 

A classical connection A on M and a linear connection K on E induce the linear tensor 
product connection K p ® A r s := ® P K <g> &K* <g> ® r A ® ® S A* on E p q r s 

K p <g> A; : E p / S -> T*M ® T^'t" 

9 s <?,s M q,s 

which can be considered linear section 

® a: : ^ - j 1 ^; . 

Then we define, [5], the covariant differential of a section $ : M" — > E p ' r s with respect to 
the pair of connections (A, K) as a section of E p,r s ® T*M given by 

V (A,K) $ = _ ^ A r) $ _ 

In what follows we set V = V (A '^ and fitY^ •» = ^ u^TYu'"^ ■ We shall denote 

by V* the z'-th iterated covariant differential and we shall put V^' r - ) := (V fc , . . . , V r ), r > k, 
y(r) ._ y(o,r)_ 

Let us denote by Cc,iM the z'-th curvature bundle of symmetric classical connections given 
as the image of the natural operator 

2 

V*R[A] : J m Cla r M -> T*M ® TM ® A T*M ® ®*T*M . 

Af M ' X M 

We shall put C% ] M := C C , M x ... x C c , r M and pr£ : C% ] M -> Cg°M, r > k, the 

Af Af 

canonical projection. 

Similarly let us denote by Cl^E the z-th curvature bundle of general linear connections 
given as the image of the natural operator 

2 

V*R[K\ : J^ 1 Cla T M x J i+l Lin E E* ® E ® t\ T*M <g> ®*T*M . 

AI Af AT ' X M 
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We shall put C { [ ] E := C L0 E x . . . x C Lr E and prl : M -> Cf ) M, r > fc, the canonical 

Af Af 

projection. 

We denote by J k ~ 2 C\a T M x J^Lin-E x C^" 2,S_1) M x C?~ 1 ' r-1) .E, s > r - 2, the 

MM M 

pullback of 

Af Af 

with respect to the surjective submersion, [S], 

(V ( * _3) i2[A],V ( *- 2) i2[Al) : J fc ~ 2 Cla r M x J^Liu-E -> cf~ 3) x cf -2 ^. 

Af Af 

Then the first /c-th order valued reduction theorem can be formulated as follows, for the poof 
sec [8 . 

Theorem 1.1. Let s > r — 2, r + 1, s + 2 > k > 1. Let F be a G- gauge-natural bundle of 
order k. All natural differential operators 

f : C°°(Cla T M x Lin £7) -> C°°{FE) 

M 

which are of order s with respect to symmetric classical connections and of order r with 
respect to general linear connections are of the form 

f(j s A,fK) = gif-^f-'K, V^-^fA], V^ r ^R[K}) 

where g is a unique natural operator 

g : J k ~ 2 Cla r M x J k ' 1 Lin E x C^'^M x C^'^E -> FE . □ 

MM M 

Further let us denote by ZiE the image of the operator 

(y {i - 2) R[k}^ {i - 2) R[K]M {)( $>) ■■ 

J^ 1 Cla T M x J^LinE x XE^f -> dT 2) M x cf~ 2) .E x <g> ® l T*M 

Af M 91,92 ° M M 91,92 M 

We shall put Z^E := Z E x ... x Z r E and prl : Z^E -> Z^-E, r > k, the canonical 

Af Af 

projection. 

We denote by J fc ~ 2 Cla r M x J fc - 2 Lin£ x J k ~ l E p a ]f o x Z^E the pullback of 

M Af 91 ' 9 Af 

pr£_ a : Z {r) E -> Z (fc - X ^ 
with respect to the surjective submersion, [0], 
(V (fc_3) i2[A], V (fc " 3) i?[iT], V (fc_1) ) : J fc " 2 Cla r M x J fc ~ 2 Lin£ x J k ~ l E%*» -> Z^E. 

M Af 

Then the second fc-th order valued reduction theorem can be formulated as follows, jHj, 

Theorem 1.2. Let F be a G- gauge-natural bundle of order k > 1 and let r + 1 > k . All 

natural differential operators 

f : C°°(Cla r M x Lin E x E V Q \%1) -> C°°(FE) 

M Af 

o/ order r respect sections of E^'^ are of the form 
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where g is a unique natural operator 

g : J k - 2 Cla T M x J k ~ 2 Lin E x J^E^ x Z ik ' r) M ^ FE . □ 

M ql,q2 M 

Remark 1.3. The order (r — 1) of the above operators with respect to linear and symmetric 
classical connections is the minimal order we have to use. The second reduction theorem 
can be easily generalized for any operators of orders S\ or s 2 with respect to connections A 
or K, respectively, where sx, S2 > r — 1, s\ > S2 — 1. Then 

f(j Sl A,j S2 K,j r $) = g(j k - 2 A,j k ~ 2 K, j*- 1 ®, V^- 2 ' 81 - 1 ^], V ik - 2 ' S2 - 1) R[K],V {k ' r) ^) . □ 

Remark 1.4. The above higher order valued valued reduction theorems deal with symmetric 
classical connections on the base manifolds. If A is a non-symmetric classical connection, 
then there is its unique splitting A = A + T, where A is the symmetric classical connection 
obtained from A by symmetrization, i.e., A^ x v = \ (A M \ + A I/ A At ), and T is the torsion 
(1, 2)-tensor, i.e., T fl x u = \ (A M \ — A Jy A At ). Then any finite order natural operator for A and 
K is of the form, s > r — 2, 

f(fA,fK) = f(fA,fK,fT) = 

= g( 3 k -% 3 k - 2 K,] k - l T, W {k - 2 ' s ~ l) R\A], V {k ~ 2 ' r ^ R[K], V (M T) , 

where ~ refers to A. □ 



2. Natural classical connections on the total space of a vector bundle 

A classical connection D on E is given by D : TE — > T*E <g> TTE over the identity of 
TE. In coordinates 

(2.1) D = d c <g> (d c + D B A C x B d A ) , D B A C e C°°(E, R) . 

Given a general linear connection K on E and a classical connection A on the base manifol 
M we have an induced natural classical connection D(A, K) on E given by, [2*1 HUj. 

Proposition 2.1. There exists a unique classical connection D = D(A, K) on the total space 
E with the following properties 

^h-(x)h K (Y) = h K (V A x Y), V D hK{x) s v = (Vf s) v , 
Vf v h K (X) = 0, Vf v a v = 0, 

for all vector fields X, Y on M and all sections s, a of E, where h K is the horisontal lift with 
respect to K , V x , V A , V D are covariant differentials with respect to K, A , D, respectively, 
and s v ,a v denote the vertical lifts of the sections s,a, respectively. 
In coordinates 

D^ X u = A^ x u , D^ X k = , Dj X u = , Dj X k = , 
n 1 = (d K { - K 1 K r + K i A p ) v p 

= Kkn , Dj\ = Kj\ , Dj\ = . □ 
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Remark 2.2. Cla.E is a G-gauge-natural bundle of order (2,2) and D(A,K) defines the 
natural operator D : C°°(C\a,M x LinE) — > C°°(C\a,E) which is of order zero with respect 

M 

to A and of order one with respect to K. □ 



The difference of any two classical connections on E is a tensor field on E of the type 
(1, 2). So, having the connection D(A, K), all classical connections on E naturally given by 
K and A are of the type D{A, K) + $(A, K), where <£>(A, K) is a natural (l,2)-tensor field 
on E. Hence, the problem of classification of natural classical connections on E is reduced 
to the problem of classifffication of natural tensor fields on E. 

Any tensor field on E is a section of a G-gauge-natural bundle of order (1,1). Then, by 
Theorem 11.21 and Remark 11.41 we get 

Corollary 2.3. Let $ be a tensor field on E naturally given by a classical connection A on 
M (in order s) and by a general linear connection K on E (in order r, s > r — 2). Then 

<$>{u,j s A, j r K) = V(u, V (s) T, V^i^A], K, V^RiK)) , 

where u e E and~ refers to the classical symmetrized connection A. □ 
Now we can use the above Corollary 12.31 to classify (l,2)-tensor fields on E. We have 

Lemma 2.4. All (1,2) -tens or fields on E naturally given by A (in order s) and by K (in 

order r, s > r — 2) are of the maximal order 1 (with respect to both connections) and form 
a 15 -parameter family of operators with the coordinate expression given by 

$(A, K) = ( ai T p \ + a 2 8*T p v + a 3 ^ A T/ p ) d» ® d x ® d v 

+ (y* (h T p % T a \ + b 2 TJ\ T p \ + 6 3 T p p a T° v + c x T/ P , u + c 2 T/^ 

+ c 3 T/ V . p + d x R p p pu + d 2 R/ P u + e 2 R P P ^) + e t R> pv y J 

+ (a 3 - h 2 ) T/ p K 3 \ y j + (a 2 - h x ) T/ v K 3 \ y j + a, T/ u K 3 \ y^j d" ® $ ® d v 

+ hi 8) T/ v d j ®di®d v + h 2 51 T p p p d»®d t ®d k , 

where ai, bi, c i; i = 1,2, 3 ; dj, e 3 , h 3 , j = 1, 2, are real coefficients. 

Proof. By the general theory of natural operators, we have to classify all equivariant 
mappings between standard fibers of G-gauge-natural bundles in question. T*E®TE®T*E 
is a G-gauge-natural bundle of order (1,1) where the action of the group W&$G on the 
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standard fiber S F = R( m+n )* ® R( m + n ) <g> i s g i ve n by 

(2.2) <5/ fc = at $/ t a] a\ + o* p y p $/ 4 a) a{ , 

(2.3) $/„ = a\ $/ T a] a^ + a* $/ t a^ a\ y k 

+ a; p y p $/ t a] a£„ Z/ 9 + 4p f" $ ^ a i S ^ > 

(2.4) = a\. $/* a* a* + a* $/t a^ a p y 9 aj: 

+ a; p y p $/ t a^ a? ?/ 4 + a* p y p $/ t ~a° p a\ , 

(2.5) = < $/ T < + a; $/ r a* < 



+ aj. $/t a£ aj„ af + a\. $/ t a^ of l/a^, a^ y m 

+ a* p y p $/ 4 a^ af y< a l nu a n m y m + a^ y p <Z>A a* a\ v a\ y l 

+ a* y p $/ T a* af + al. y p $/ T < a£ , 



(2.6) $/ fc = aJ<Vta*4, 

(2.7) $/„ = a A $/ T a] a: + a x $/ t a* a£ y fc , 

(2.8) $/ fe = a x $/ t 5- 4 + aj $/ t a^ a£ ^aj , 

(2.9) = aj $/ T a* a^ + oj $ A 5^ a£ 

+ a x $</ t a* ~a\ v af y l + a x p af ^ a^ y m . 

By Corollary 12.31 equivariant mappings $ : IR n x T^Q x T^R — > SV between standard 
fibers are in the form 

(?/ ; v;-p -^/i i/k;<5j -^j' /^i A/i;e) > 

where a,/3,7,<5,e are multiindices of the ranks < \\oc\\, \\~/\\ < s, < ||/3|| < r, < ||<$|| < 
s — 1, < ||e|| < r — 1, and (A M A „ ]Ce ) or (Kj l p ^) are the induced coordinates on T^Q or T^R, 
respectively. 

First, let us consider the equivariance of ^! b A c with respect to the fiber homotheties, i.e., 
with respect to (c<5p. Then, from ()2.6|) . we get 

„— 2 iTv A ,t, A ( nq .i A p A jy- i pi \ 

k fc fe\. " ' A 4 ^T' A 1 vk\8i [Li -L^j \[i;e) ■ 

Multiplying it by c 2 and letting c — > 0, we obtain 

(2.10) ^.\ = $/ fc = 0. 
Similarly, from lj277j) . and (J22J), we have 

c^ 1 \T/ A , = \T/ A J ,f c -u i T A R x x K { R\ ) 



J J «\ " ' A 4 "JT" A 4 ^k;o' J A 4 ' 5 ^A 1 ! 1 



which, by multiplying by c and letting c — > 0, imply 

(2.ii) */ l/ = $/„ = o, */* = V* = > ^A = $A = o. 
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Further, from (f2~3f . (f2~3]l and we have 

vl/ .* = vCr.* (c?/ T x R x x K { R\ ) 

^/i fc ^/i fc y ) T^t -R^t uk;Si p , i?j A/j;e) ) 

\T/ A = \I/ A (V?/ T A R X x K l R\ ) 

which implies, by letting c — >■ 0, that ^/j,, ^/A and ^/ M A ^ are independent of y l . 
Finally, from ()2.5|) . we have 

c^f * = \]> * fc^ T A R x x K i R \ ) 

By the homogeneous function theorem, is linear in y p , i.e., 

^ fl v ± p i/p^/i ^;"p -"'A 1 ^k;oj - iv j a*; - 1 l j Aai;6/ y • 

So we have equivariant functions ^/y, ^/A, ^//k and F^Vp of variables T p x un , 

E> A 7>^ j pi 

-'■'A 1 vn;8i A" J \p;e- 

Now we consider the base homotheties, i.e., the equivariance with respect to {c5 x ). Then 
c - l m A = # A f c -(NI+i) T a _(|| tf || + 2) S a . rT 1 ^.* cT (l|6,l+2) i?-S ) 

<-- ^ p u * A 1 A 1 "!T' A 1 <-- - £i j A" J A/i;e^ • 

The homogeneous function theorem implies that \1/ M A V is a polynomial function with expo- 
nents a* in T M A y;7 , z = ||7||, in R^ x UK; s, j = \\S\\, c in K/ M and d k in Rj\ Ke , k = ||e||, such 
that 

s s — 1 r— 1 

(2.12) - 1 = - £(i + 1) a t - + 2) bj - c - + 2) d k . 

i=0 j=0 fc=0 

The above equation (j2.12j) has solutions in integers only for oq = 1 and the other coefficients 

/ > 

- A' 



vahish or c = 1 and the other coefficients vanish. This implies that ^ a X v is of the type 



iTr A _ a\ot rp p , j\jp js i 

^ p V — -^pvp (7 T ~i ^pvi - fV j p 1 

where A x ° p and L ^ are absolute invariant tensors, i.e., products of the Kronecker symbols. 
Then 

V* = fl i r A + fl 2 5j T/, + a 3 5 A T/ M + h 5 x K t \ + / 2 • 

Finally, the equivariance of \l/ Ai A i y with respect to elements of the type (<5|, (5 A , a* A ) implies 
/1 = Z2 = and we have 

(2.13) /„ = = ax T/, + a 2 5 A T/, + a 3 5 A T p % . 

Similarly, for and ^^k, we get polynomial functions with exponents satisfying the 
same equation (J2.12j) . So we have 

\]> .* — u icjT T p 4- M imp K k \Sj \ — H iaT T p 4- ]\/T imp K p 
where coefficients are absolute invariant tensors, i.e., 

= h 5) T/ u + mi K/, + m 2 5} K/, , 
^pk = h 2 8[ T/ p + m 3 K k \ + m 4 8[ K p % . 
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The equivariance with respect to elements of the type (S l j, 6*, a* A ) implies m» = 0, i = 1, . . . , 4, 
and we have 

(2.14) = $/„ = h 5) T/ v , V* = $ A = ^ ^ T p p . 

Finally, let us discuss F^ V y Considering base homotheties and the homogeneous function 
theorem we get that F pu j is polynomial with exponents satisfying (J2.12j) with —2 on the left 
hand side. Then we have the following 6 possible solutions: ao = 2 and the other exponents 
vanish; a\ — 1 and the other exponents vanish; Oq = 1, c = 1 and the other exponents vanish; 
bo = 1 and the other exponents vanish; c = 2 and the other exponents vanish; do = 1 and 
the other exponents vanish. Then 

J? « p>io\T\<J 2 T 2 rp pi rp fl2 _(_ flioT\T2 rp p . ArtO"!"! (JT 2 rp p p 

A* 1J fj,ujp 1 p2 ±u \ r l ±a 2 r 2 ' ^pujp A cr n;r 2 ~r 1 * pu j pp 1 a T\ Iy q r 2 

, psi<TT\TZ hp _|_ piqiT 1 q 2 T 2 Tf pi LT P2 _r_ Ei»«TL72 p p 

^ pvjp 1L & tit 2 T 1 nujpxpi ly qi r\ 1 ^-q 2 t 2 T ^^yjp 1L q t\t 2 > 

where all coefficients are absolute invariant tensors, i.e., 

iy ^ = 5} (6i T/ M T CT % + b 2 T a \ T p \ + b 3 T p p (J T° v ) 
+ 5} ( Cl 7/^ + c 2 T/^ + c 3 T^v-p) 
+ 5} (m T/ M + n 2 T p p v K p % + n 3 T/ v K/ p ) 
+ n 4 T/ p Kj\ + n 5 T p v K,\ + n 6 T/ v K/ p 
+ di 5j R/^u + d 2 Sj R p p pv + ei <5] -R/ Ml , + e 2 #//^ 
+ 5} ( Pl K v \ K q \ + p 2 K q \ K v \) 

+ p 3 K* v + p 4 W + P5 K p \ K* v + p 6 Kj v Kfn . 

The equivariance with respect to elements of the type (Sj, 5%, dj ) implies n\ = n 2 = n 3 = 
0, = a 3 — h 2 , n 5 = a 2 — hi, n 6 = ai, pi = 0, i = 1 ... , 6, and the other coefficients are 
arbitrary. Then 

(2.15) = V„ = F; VJ = y* (h T/ p T a \ + b 2 T a \ T p \ + b 3 T p a T° v ) 

+ y* {c x T/w + c 2 + c 3 T p p u . p ) 

+ y j {(a 3 - h 2 ) T/ p K 5 \ + (a 2 - h x ) T p p v K 3 \ + a x T/ u K/ p ) 
+ di y { R P P n„ + d 2 y i R^ pv + e x y l R v v ^ + e 2 R/^ y j . 

Summerizing all results (EHUD . (l2~TiTl . tfTTty . (I2~TD and (I2~TH|) we get Lemma El □ 

As a direct consequence of Lemma 12.41 we have 

Corollary 2.5. All natural operators transforming A and K into classical connections on 
E are of the maximal order one and form 15-parameter family 

D(A, K) — D(A, K) + <E>(A, K) , 

where D(A,K) is the connection given by Proposition \2. 1\ and $(A, K) is the 15-parameter 
family of natural tensor fields given by Lemma\2.J\ □ 
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Remark 2.6. In jH| (see also ^0], Proposition 54.3) the same result was obtained by direct 
calculations without using the reduction theorems. Our result coincides with the result of 
[3J EI| but our base of the 15-parameter family of operators of Lemma 12.41 differ from the 
base used in mUDJ. □ 

Now we shall describe the geometrical construction of the operators from Lemma 12.41 
First let us recall that we have the canonical immersions it*m '■ T*M — > T*E and Lve '■ 
VE — ► TE. The connection K defines the horisontal lift h K : TM — ► TE and the vertical 
projection v K : TE — > VE . 

Then we have the following subfamilies of natural operators given by A and K. 

A) A gives 3-parameter family of (l,2)-tensor fields on M, ^U], given by 

(2.16) S(A) = ai T + a 2 I T M® f + a 3 f ® I TM , 

where T is the torsion tensor of A, T is its contraction and Itm '■ M — > TM <g> T*M is the 
identity tensor. Then the first 3-parameter subfamily of operators of Lemma f2. 41 is given by 
h K (S(A)) = lt*m ®h K ® lt*m(S(A)). 

B) A and K define naturally the following 9-parameter family of (0,2) tensor fields on M, 
[TU] . given by 

G(A, K) = 6i C\l(T ®T) + b 2 ClliT ®T) + b 3 C%(T ® T) 

+ c x C\VT + c 2 C\VT + c 3 C\VT + d x C\R\A] + d 2 C 2 X E[A] + 6l C^fif] , 

where is the contraction with respect to indicated indices and C|VT denotes the conju- 
gated tensor obtained by the exchange of subindices. The second 9-parameter subfamily of 
operators from Lemma l2~4l is then given by L(E)G(A, K) = lt*m® ^ve® it*m(L®G(A, K)), 
where L = y % di is the Liouville vertical vector field on E. 

C) The value of the curvature tensor R[K] applied on the Liouville vector field is in 
T*M®VE®T*M. Then R[K](L) = l t * m ®i ve ®it*m(R{K}(L)) is the operator standing 
by e 2 in Lemma [2.41 

D) Finally, if we consider vk as the vertical valued 1-form vk '■ E — > T*E <g) VE with 
coordinate expression 

u K = (d i -K/ x y j d x )®d i , 
the last 2-parameter subfamily of operators from Lemma 12.41 is obtained by applying the 
morphism Lt*m ® ^ve ® \&t*e on 

H(A, K) = h l u K ®f + h 2 f®u K . 

Summarizing the above constructions we get 

Theorem 2.7. All classical connections on E naturally given by A (in order s) and by K 
(in order r, s > r — 2) are of the maximal order one and are of the form 

D(A,K) = D(A,K) + h K (S{A))+L®G{A,K) + e 2 R[K}{L)+H{A,K). □ 

Corollary 2.8. All natural operators transforming a general linear connection K on E and 
a symmetric classical connection A on M into classical connections on E are of the maximal 
order one and form the following J^-parameter family 

D(A, K) = D(A, K)+L® (d x C\R\A] + d 2 C\R\A] + e x C\R[K}) + e 2 R[K](L) . A 
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3. Natural connections on the 1st jet prolongation of vector bundles 

Assume the 1-jet prolongation 7Tq : J l E — > E with the induced fiber coordinate chart 
(x x ,y l ;y x ). Then J X E is a (l,l)-order G-gauge-natural bundle with the standard fiber 
l n x R" ® R m * and the induced action of Wm G given in coordinates by 

y i = tf p y p , y\ = a P y p d p x + a pp y p d p x . 

A connection r on J 1 ^ is given by T : J X E — ► T*E <g> TJ X E over the identity of TE with 
coordinate expression 

(3.1) r = d A ® (d A + r A * fif) , ry A e c^j^m) . 

A connection T is affine if and only if Ta\ = ^A\p y p + ^A\[ ■ 

Remark 3.1. If Fi and T 2 are two connections on J X E, then the difference l\ — T 2 : J l E — > 
T*£! <g> V J 1 ^ and, by using the identification V J l E = J l E x T*M ® VE , we get 

E E 

r x -r 2 = 0: J l E ^T*E®T*M ®VE . A 

In [9j we have described a natural operator x transforming a classical connection on the 
total space of a fibered manifold and a classical connection on the base manifold into a 
connection on the 1st jet prolongation of the fibered manifold. Applying this operator on a 
classical connection D on the total space of a vector bundle E —> M we get 

Proposition 3.2. Let D be a classical connection on E and A be a classical connection on 
M . Then we have a connection T(A, D) = x{D) on : J l E — > E such that 

T A \ = D/j y{ + D A \ - y; (D A »j y{ + D A \) . 

Remark 3.3. The connection T(A, D) is independent of A, but the geometric construction 
of the operator \ depends on A essentially, see 0. □ 

Now, applying the operator % on the connection D(A, K) from Proposition 12. 11 we get 

Theorem 3.4. A general linear connection K on E and a classical connection A on M 
give naturally the connection T(A,K) = x{D(A, K)) on J l E with the coordinate expression 

iy A = K}\ y[ + (d x K 3 \ - K p \ Kfp + K/ p A/ A ) y> , 

Corollary 3.5. All natural operators transforming a (general) linear connection K on E 
(in order r) and a classical connection A on M (in order s, s > r — 2) into connections on 
J l E are of the form 

f(A,K) = T(A,K) + <p(A,K), 
where T(K,A) is the connection from Theorem \3.J\ and <p(A,K) is a natural operator 

cj) : J l E x J s C\aM x J r Lin^^ T*E <g> T*M <g> VE . A 

M M 

So to classify natural connections on J l E it is sufficient to classify natural operators 4>. 
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Lemma 3.6. All natural tensor fields 0(A, K) : J l E —> T*E ® T*M ® V.E naturally given 
by a classical connection A on A<f (%i order s) and by a general linear connection K on E 
(in order r, s > r — 2) are of the maximal order one (with respect to both connections) and 
form a ^-parameter family of operators with coordinate expression given by 

0(A, K) = f (oi T x % + a 2 T a \ 8 P X + a 3 T x \ 8$ y p + y< (h T/ A T a \ + b 2 T/ A T p \ 

+ b 3 T/ CT T A % + Cl T/ A;M + c 2 T/ M;A + c 3 T/ M;p ) 

- (as T/ x Kj\ + (aa + /ii) T/„ K/ A - ai T/„ K/ p ) y J 

+ y* (d x R/ Xp + d 2 R\ p + e x y l R p \» + e 2 R/ Xtl y^j d x ® # <g> ^ 

where all coefficients are real numbers. 

Proof. We have the action of the group WmlnG on the standard fiber Sf = M (m+n) * <8> 
R m * ®R n of T*E ®T*M ®VE given by 

(3.2) A ; = a; <P£ ~a p x a* + a* <j> q > ~a q rX a r s y s 7f p , fa = a' p </>£ a] ^ . 

The corresponding equivariant mapping <fi : R n x M. n g) W 11 * x T^Q x T^i? — > 5^ is given, 
by Corollary 12.31 by 

^Axiv 1 , y\, A /t \ iCn Kj l ^p) = ipA\(y\ V\, T^^, Rp X uK,;S, R/x^e) , 

where the multiindices a, . . . , e are as in the proof of Lemma [2.41 
The equivariance with respect to fiber homotheties (c8j) implies 

c^xi = ^x i p{cy\cy\,T p x u . n ,Rp X UK]5 ,K j \,R j i x ll , e ) . 
which gives, by the homogeneous function theorem, that -0 A ^ is linear in y % and y\, i.e. 

^ = fiw y J + g%j d ■ 

First, we shall discuss Qxaj ■ We get, from the equivariance with respect to base homotheties 

r -l> - />-(NI+l) T X r -(ll<5||+2) 5 A ^ r -l K-.i -(||e||+2) o.i \ 

which implies that S'Auj * s polynomial with exponents satisfying (|2.12j) . We have the following 
2 possible solutions: a = 1 and the other exponents vanish; c = 1 and the other exponents 
vanish. Then 

<& = K% T ° P t + *A = fl i 5 i + a 2 5] ^ T/, + a 3 5} ^ T/ p 
+ h 81 Kj\ + h 5; K/x + h 8) 81 K p % + k 8) 8; K/ x 
Similarly, for / A ■ we get, from the equivariance with respect to base homotheties (c8 x ), 

r -2 fi _ fi / -(||Tr||+l) t A (||5||+2) p A r —l r ^(ll e !l+ 2 ) 1 

which implies that /| ■ is polynomial with exponents satisfying (J2.12)) with —2 on the left 
hand side. We have the following 6 possible solutions: a = 2 and the other exponents 
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vanish; a\ — 1 and the other exponents vanish; Oo = 1, c = 1 and the other exponents 
vanish; bo — 1 and the other exponents vanish; c = 2 and the other exponents vanish; do = 1 
and the other exponents vanish. Then 

fi _ r>icriTia2T2 rp pi J 1 pi _i_ r~iicrT\T2 rp p , p\iar\T2 p p 

J Xpj ±J Xpjpip 2 °"1 r l °"2 t 2 i ^Xpjp ± cr ri;r 2 ' ^Xpjp ^cr tit 2 

I p«<jmg2T 2 TV- pi TV- p 2 I JpiqTlT 2 pp _i_ ]\jirrT 1 qT 2 rp p TV- p 

~ Tr Xpjp 1 p 2 ZV 9l n I ^q 2 T2^-^\p,j p ^q t\T2 ' Xpj pp J " n xv <? T"2 

= 6a <$» T/ A T CT % + b 2 5) T a \ , T p \ + b 3 5) T/ a T x \ + Cl 5* T/ A;M 
+ c 2 5} T/ M;A + a 9 5} T/ p;p + di 5* R p p xp + d 2 5} Rx p pp 
+ Pl 5) K/ x K q \ + p 2 8) K p x K p \ + p 3 K/x K p % 
+ p 4 Kj\ K p p x + p 5 K p \ K/ M + p e K v \ K/x + ei A/am + e 2 5} i?/ A/ , 
+ m Tx% K 3 \ + n 2 T/„ K/x + n 3 T x p p K/ p + n 4 8) T/ A K p p 
+ n 5 5} T/ M Va + n & 8) T/ A K p p p . 
Further, from the equivariancy with respect to fiber homotheties, we have 

V'ijU Ipj p{cy ') Cyx-,Tp R^ VK -s, Kj ^, Rj Xfi;e) ■ 

which implies, by the homogeneous function theorem, that ipj* is independent of y l and y\. 
If we suppose the equivariance with respect to base homotheties (c82). We have 

^ ^jp ^3p^P ^ T^i C ^ ^ ^ -R^ iyji^;^) C Kj Xi C ^ ^ ^ Rj Xp;e) 

which implies that is polynomial with exponents satisfying the equation (|2.12|) . i.e. 

tb- i = H iaT T p + M iqp K p = hi 8 i -T p + mi K i + rrio8 i K p 

rjp jpp CT T JPP 1 P 1 3 P A 4 ' 1 3 P ' '"'2 u j lv p p ■ 

Finally, the equivariance of ipj 1 with respect to elements of the type (5*, a* A ) implies 
mi = m 2 = and we have 

(3.3) ^ = h 8) T p p p 

and the equivariance of ipXp with respect to elements of the type (8j, 8^, a* A ) implies pi = 0, 
i = 1, . . . , 10, n 4 = n 5 = riQ = 0, ni = — a 3 , n 2 = — a 2 — hi, n 3 = — oi and the other 
coefficients are arbitrary. Then 

(3.4) = 0a; = g%t yl + f Xll j y j 

= ai T A % + a 2 T/ M ^ + a 3 T A % + ^ y* T/ A T CT % + 6 2 y l T/ A T p % 

+ 6 3 y l V- T A % + d y j Tp p x-p + c 2 Tp p fI -x + c 3 y l T X P KP 

- a 3 T A % X/^ y J - (a 2 + 010) T/ M K/ A ^' - 01 T A % K/ p y 3 

+ di Z/ J R P p xp + d 2 y l Rx p P p + e x y l R p xp + e 2 R/ Xfi y 1 . 

Summerizing ()3.3|) and (|3.4j) we get Lemma 1331 □ 

Theorem 3.7. All natural operators transforming a linear connection K on E and a classical 
linear connection A on M into connections on 7Tq : J\E — > £7 are 0/ t/ie maximal order one 
and form the ^-parameter family 

r{A,K) = x (D(A,K)) + (t>(A,K), 
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where x{D(A, K)) is the connection given by Theorem !T\ and 0(A, K) is the 14-parameter 
family of natural tensor fields given by Lemma 61 □ 

Let us recall that we have the natural complementary contact maps 
d : J X E x TM ^TE, 6: J X E xTE^VE, 

E E 

with the coordinate expressions 

(3.5) d = d x <g> (d x + y{di) , 9 = {o n - y\d x ) ® d, . 

Then we have the following, by using the notation of Section 2, geometric description of 
f (A, K). 

Theorem 3.8. All connections on J X E naturally given by A (in order s) and by K (in order 
r, s > r — 2) are of the maximal order one and are of the form 

f (A, K) = T(A, K) + 9 o h K (5(A)) + L ® G(A, K) + e 2 R[K\ {L) + h l v K ®f. □ 

Remark 3.9. The 14-parameter family T(A, K) from Theorem 13 . 71 can be obtained from the 
15-parameter family of Theorem 12. 71 bv applying the operator x, i.e. T(A, K) = x(D(A, K)j . 
In fact X (D(A,K)) = X (D(A, K)) + x($(A, K)), where 

X = id T » E ®6 ® d : J X E x T*E ® TE <S> T*E -> T*^ ® <g> T*M . 

But 

x(h K (f ® J TM )) = -x(f ® i/ K ) 

which implies that operators standing in the family of Lemma 12.41 with coefficients and 
h 2 admit the same operator, standing with the coefficient a% in the family of Lemma [3.61 It 
is the reason why T(A, K) is only 14-parameter family. □ 

Remark 3.10. From the coordinate expression of T(A, K) and <p(A, K) it is easy to see that 
all connections T(A, K) are affine. □ 

Corollary 3.11. All natural operators transforming a general linear connection K on E 
and a symmetric classical connection A on M into connections on J X E are of the maximal 
order one and form the ^-parameter family 

f (A, K) = T(A, K) + L ® (di ClR[A] + d 2 C l 2 R\A] + e x C\R[K}) + e 2 R[K](L) . A 
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